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THE MODIFIED REMAINDERS OBTAINED IN FINDING THE 
HIGHEST COMMON FACTOR OF TWO POLYNOMIALS. 



By a. J. Pell and R. L. Gordon. 

E. B. Van Vleck* has shown how to simplify the computation of the 
remainders obtained in the process of finding the highest common factor 
of two polynomials: aoX" + aix"~^ + • • • + a„ and tox" + &ia;"~^ + • • • 
+ &„. The simplification consists in expressing the remainders as minors 
of a single determinant B (see page 163) which, on account of its con- 
struction, lends itself easily to computation. If the first coefficients of 
some of the remainders are zero, the results stated by Van Vleck must 
be modified. In this paper we determine by direct method the exact 
expression of the remainders. 

In the derivation of this expression we need to- transform two deter- 
minants some of whose rows are made up of elements which are two- 
rowed determinants. We give these transformations in the form of two 
lemmas, which are easy to prove. 

Lemma 1. // X and fi are positive integers, and ji = " ''^^ 

i = 0, 1, •••, 2X + M + 1, then 



do ai+i 



for 



To 


Ti 


72 • • 




• 




• 72K+^+l 


^0 


^1 


^2 •• 




• • 


. . . . 


• ^iK+^+l 





70 


71 • 




• • 


. . . . 


• 72X+M 





^0 


/3i • 






. . . . 


• /32,+^ 








• 


• 70 


71 


72 • • • • 


7x+,x+i 








• 


• /3o 


/3i 


^2 • • • • 


^\+M + l 








• 


• 


^0 


/3i • • • • 


• ^X+IX 








• 


•• 





/3o • • • • 


• ^K+y.-! 








• 


•• 





• • . /3o • 


•• Pk+1 



* E. B. Vaa Vleck, "On the determination of a series of Sturm's functions by the calculation 
of a single determinant," Annals of Matkematics, 1899, pp. 1-13. 
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«0 


<Xl 


ai 






• 


• 


«2a+m+2 






/3o 


/3i 


/32 




• • 


• • 


^2A+M+2 









<xq 


ai 






• • 


■ • «2a+^+1 









/3o 


/3i 








• ■ /32A+M+1 


= (- 1)^+ 


%' 











• • ao 


exi 


a2 ■ • 


• «A+,i+2 















•• /3o 


^1 


ft •• 


• ft+n+2 















•• 


/3o 


ft •• 


• ft+n+1 















•• 





ft •• 


• • /3,+^ 















•• 





■•• 


/3o • • • ft+1 


Lemma 2. 


If X and fi are positive integers, 


/3o^i 
aoUi 


= Ofori = 1,2, 


n — 1, and 7,-_ 


>» ~ 


PoPi 
aoai 


for i == 


IX, IX -\- \, ■■ 


-, 2X + 2m + 1, then 




To 


71 


T2 • • 






• • 


• • 


• T2A+M+1 






^0 


^1 


^2 ■■ 




■ ■ 


• • 


• • 


• /32A+H+1 









To 


Ti • • 




• ■ 


• • 


• • 


• T2A+M 









^0 


^l.-- 




■ ■ 


• • 


• • 


• /32A+H 












•• 


• To 


Ti 


T2 • • • 


• 


Ta+m+1 












•• 


• ^0 


/3i 


^2 ••• 


• 


ft+,.+l 












•• 


• 


To 


Ti • • • 


• 


Ta+m 












•• 


• 





To • • • 




Ta+m-1 












•• 


• 





••• 


To • 


• • Ta+1 














«o 


«! 


a2 • • 


• • • a2A+2,i+l 












^0 


^1 


ft •• 


• • - • /32A+2H+1 















do 


ai • • 


• • ■ (X2\+2u. 


= (_ i)M(x+i)(_ 


1)1+2+. 


••+'^/3o 


A+1 





/3o 


ft •• 


• ■ • ftA+2n 


















•• 


• ao \- ■ a^+n+i 
























•• 


• /3o • • • ft 


+M + 1 
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The following theorem gives the exact expression of the remainders in 
terms of the minors of R, where 







ao 


ai 


tti 




dn-l 


ttn 


• 


•• 






bo 


bi 


&2 




bn-l 


bn 


• 


•• 









Co 


fll 




dn-i 


On-X 


On • 


• 


B 


^ 





bo 


fel 




bn-Z 


bn-l 


bn ■ 


•• 

















do 


ai 


02 • 


• • a„ 

















bo 


&i 


&2 • 


•• bn 


Theorem. 


Let 
















(A) 




aoX" 


+ aix" 


-' + 


... + 


o„, 




and 


















(B) 








feox" 


+ bix' 


^-^ + 


•••+&„ 





be two polynomials of the nth degree. Modify the -process of finding the 
highest common factor of {A) and (B) by taking at each stage the negative 
of the remainder. Let the ith modified remainder be 



E('> 



ro^'^x"' + ri<'>a;"'-i + 



4- r '■'^ 



where {mi + 1) is the degree of the preceding remainder, and where the first 
(pi — 1) coefficients of E'*'^ are zero, and the Pith coefficient pi = ^Vi-i^'^ *^ 
different from zero. Then for k = 0, 1, • • •, m,, the coefficients r^^'^ are 
given by* 

(1) r,<« = 



(- 


ly-K- 


1)»« . . 


• (- 1)"K- 


l)"" 






p'^r 


°i-2 


• • Pr^'P^ 








do 


ai 


02 • • 


. 


02tii_, 


(hv,.i+l+k 




6o 


bi 


62 •• 


. •. 


^2"« 


b2Vi.i-\-l+l<f 







ao 


ai ■ ■ 




a2r„- 


-1 C2„j_i+4 


X 





bo 


&i •• 




&2„«- 


-1 &2*i.,+i 










•• 


• ao ai • • 


• «».-! 


Ooi_i+l+4 


■ 1 




4- 9, 




4- . 


•• 

. . 4- r» 


•bo 61 • • 
-■ ,- and. «.v_ 


= n. 


+ -n, 4- . 



M)/iere Mi_i = 1 + 2 + • • • + pi-i, and Vi-i = Pi + P2 + • • • + Pi-i- 

Divide (A) by (B) and the remainder with sign changed may be 
expressed as follows: 

* It is to be understood in (1) that po = 60, po = 0, and that Oi = 5i = for t > n. 
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i2<» 



&oi 



60 bi 



+ 



&o &2 



,.re— 2 



+ 



+ 



ao On 

bo bn 



Hence the coefficients of R'-^'> satisfy (1) for i = 1. 

Suppose that (1) is true for { = I, then it follows that 



(2) r*<'+» = 



(- 1)'"(- 1)"'-' ■ • . (- 1)'^(- 1)"'-^' 



X 



Pi Pt-l 



So Si 
Ipl-l 'Pi 








n P2+P8- Pi 
Pi Pi 



So Si 
'pl-1 'Pl 



Sivi—2pi S2t;,— 2pi+l+* 
..(1) «(1) 

' in-Pi—i ' 2"!— pi+* 



St),— p, S^,_pj+i^j 






v.(I), 



where the Si are the coefficients of the remainder of the next to the last 
stage in dividing B by R'-^K The i,- may be expressed as two-rowed 
determinants : 



1 \r: 



Si = — 



(I) ~(i) 

Pl—l ' i+pi 



Pi I So Si+i 



and hence Lemma 1 may be applied to the determinant in (2), where 
\ = Vi — pi and ^ = 0. A determinant of the same character as in (2) 
is obtained, for the Si are also expressible as 1/pi times two-rowed deter- 
minants : 



Si 



1^ 
Pi 



' pi— I ' i+pi 
Sq S,+i 



Lemma 1 may be applied again, with "K = vi — pi and ju = 1. The 
process may be repeated, and after applying Lemma 1 pi times,* a deter- 
minant in terms of 6,- and r/" is obtained. The factor outside the deter- 
minant becomes multiplied by 



C ^yi-pi+i p «i~pi\pi 



Pi 



"i-pi+i 



)". 



and the determinant for r*^'''"^' takes the form 



* Some of the partial quotients may be zero, that is, the first elements in some sets of s's 
may be zero. In that case the elements of one set of s's are equal to the elements of the next set, 
with the subscripts advanced by one. 
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(3) 



bo bi bi 

~(i) «.(!) ~.m 

'pi-i 'pi 'pi+i 

&o 6i 



A. J. PELL AND K. L. GORDON. 

"2l;,-2»i+I bi«,-% 



^(1) ~.C1) 
'Pl-1 'Pl 





















Now, fi^^^ = for i = 



to- 
ri 



J91-1 







v.(l) 



Pl-l 

U • • • T'j^^i < vi-pi 

1, • • •, iVi — 2), and 



«(i) 



I 2v,-pi I 2vi-pi+l+k 

b-2v,-: 



'2vi—2pi 



-'2i<,-2p,+l+i 



I 2tii— Pi— 1 ' 2t);-^pi+* 



""I-Plfl f'tii— ^1+2+* 



~(1) 



»(1) 
'»,-! 



' vi+k 



M 



'tii-pi+i+* 



,. .(1) — _ _ 

"^^ bo 



bo bi+i 



for i = pi — 1, pi, • • •, so that if each pair of two consecutive bi and 
r.-'^^ rows in (3) are interchanged, a determinant of the form in Lemma 2 
is obtained. Hence Lemma 2 may be applied with \ = vi — pi and fi — pi. 
The result is that the factor outside the determinant is multiplied by 

and the determinant becomes one with pi + pi-\ + • • • + pi + 1 pairs 
of tti and bi rows. After simplifying the outside factor the following is 
obtained : 



r^u+i) = 



(- !)'"(- 1)'"-' ••• (- !)"'(- 1)' 

Pi Pl-l Pi Po 



X 



ao 


ai 


ffl2 • 






div, 0'2vi+i+k 


bo 


bx 


&2 • 






bivi 02„,+l+i 





CJo 


oi • 






^ivi-i a^n+k 





bo 


6i • 






blvi-l 02t,,+i 








• 


• ao 


ai ■ 


• • 0,^1 dn^i+k 








• 


■ bo 


bi ■ 


■ • 0„, 0„,+j+A 



This is the form of (1) for i = Z + 1, and the theorem is proved. 

In case 6o > 0, and p,- = 1 for { = 1, 2, • • • , n, that is, when the first 
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coefl&cients of all the remainders are different from zero, the factor outside 
the determinant is positive, and the coefficients of the ith. remainder are 
given except for the positive factor by the minors of R formed from the 
first 2i rows by associating the elements in the first 2i — 1 columns with 
each of the other columns. This is the rule which Van Vleck* gives as 
holding for any case, but if, for example, pi — 2, the coefficients of the 
second modified remainder i2^^' are given by the 6-rowed minors formed 
from the first 6 rows of R, and the sign factor is 

(- l)'-^^(- 1)^ 
ho'pi' 

which is negative if pi is positive. 

If {A) is of degree n, and {B) of degree n — po, the coefficients of the 
ith modified remainder 



i2('> 



ro<''x"" + ri('>x'"'-' + • • • + r», 



(0 



are given 


for h = 


0,1 


,2, ■••, rrii, 


by 








f (.i) — ^~ 


- !)"-'(- 


- 1)"'-'(- 1)"" •• 


•(- 


\Y''( — l^fpo/ax^-i-i-po+i) 


Tk^ ' — — 




P?'-: 


1 P. -2 


. p..+P. 


p5o+^. 








Oo 


ai 


02 • • • • 


. • 




'^i^i.l-PO 


^2»i-l-P0+l+* 






&0 


6i 


62 ... . 






"2"i-l-P0 


"2|,j_i-po+I+* 









fflo 


Oi • . . • 


• • 




^2"i-l— Po-1 


^2<'i-l-i>0+* 









&0 


61 . • . • 


. • 




"2»i_i-Po-l 


t'2iij.i-po+* 




X 








. . . ao 


«! • 




«"<-. 


^"i-l-l-l+ft 












• • • &0 


&1 • 




&»« 


&»i.l+l+* 












••• 


60 • 




&«i-l-X 


^»i.l+A 












••. . 


•60 




""i-l— Po 


^"i-i-Po+l+* 



where «,- = 1 + 2 + • 

* L. c, pp. 3, 4. 

Mt. Holtoke College. 



+ Pi and f .• = Po + Pi + • • • + Pi. 



